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The discounted cash flow approach is the standard model of asset pricing  taught at the undergraduate
level. The formula is:
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with Cn  being cash in year n and r being the discount rate. For simplicity if we assume that the com-
pany  has  no  debt  or  preference  shares,  (which  are  easily  quantifiable),  the  discount  rate  will  be  the
return on equity, re . The textbooks tell us that this could or should be determined from the capital asset
pricing model (a.k.a the CAPM):
(2)   E@re D = r f + bHE@rm D - r f L
The CAPM was derived for ex ante expected returns but a similar equation can be derived based on ex
poste real returns. In this equation E@re D is the expected return on equity, E@rm D is the so-called market
premium, r f  is the risk free interest rate, assumed to be treasury bonds for a suitable period, and b is a
parameter  for  the  correlation  of  the  asset  with  the  market.  The  problem  with  the  application  of  this
model is the choice of values for b and the expected market risk premium, E@rm D.
Firstly  let’s  briefly  consider  b.  Very  little  or  no  mention  is  made  of  the  error  in  measuring  b  in text
books and it is common for agencies that supply this information as a service to report b without  error
estimates  (even  worse  it  is  not  unusual  to  find  b  values  reported  to  the  third  decimal  place).  Some
companies calculate b from monthly returns over four years. In other words 48 data points per stock. If
you generate two sets of 48 random numbers  and measure the correlation you will see that invariably
the  noise  is  not  averaged  away  (try  this  for  yourself  in  Excel).  You  need  larger  data  sets.  We  can
demonstrate the problem with the example below in which two sets of random numbers are generated
using MATHEMATICA.
In[1]:= data1 = Table@8stock = Random@Real, 80, 1<D,
market = Random@Real, 80, 1<D<, 848<D;
Fit@data1, 81, x<, xDH*line of best fit*L
Out[2]= 0.463953 + 0.0761908 x
In this example the slope of the line of best fit is 0.076 therefore we’d calculate a b of about 0.08 even
though  by  definition  there  should  be  a  zero  correlation  between  the  two  sets  of  random data.  As the
sample size increases the slope goes to zero as expected. So in cases where determination of b is made
from small samples sizes the value could be in error by anything up to 10% to 20% so that, for exam-
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ple, a b of 1.000 should be quoted as 1.0  0.1. Their are apparently methods to reduce this noise effect
but some uncertainty remains.
The market  risk  premium is typically  determined by comparing  market  returns to bond rates  over the
last  100  or  so  years.  The  implicit  assumption  is  that  over  a  long  period  average  real  returns  will
approach average expected returns. So this raises the question of what constitutes a “long period.” It is
doubtful  that 100 years of data is sufficient.  Even allowing for that, textbooks cite the average market
risk  premium  without  quoting  the  standard  error  and  generally  make  no  mention  of  the  error.  What
follows is an analysis of S&P returns since 1871. 
Raw data  on stock returns  was obtained  from a  table  found at http://aida.econ.yale.edu/~shiller/data/.
The  data  H1871 - 2003L  contains  the  monthly  Standard  and  Poor  Composite  Stock  Price  Index,  divi-
dends  and  interest  rates.  It  is  an updated version of  Chapter  26 (Data  Appendix)  of Robert  J.  Shiller,
“Market  Volatility,”  MIT  Press,  Cambridge  MA,  1989.  The  calculations  are  performed  in
MATHEMATICA  (www.wolfram.com).  Comments  to the code appear (*inside parethesis*)  to let
you know what is taking place at each step.
In[3]:= data = Import@"Stock Data Annual 1871-2003.xls", "XLS"D;
H*import excel data file*L
The data is located on the second worksheet of the Excel file between the lines 4 and 135.
In[4]:= stockData = dataP2, Range@4, 135DT;
H*take the second worksheet between rows 4 and 135*L
If you bought the index at the start of the year H1871L your wealth is the current value of the index plus
dividends received over the year.
In[5]:= returns = Drop@#P2T + #P3T & êü stockData, 1D
H*equals current index, column 2, plus dividends, column 3*L
Out[5]= 85.16, 5.44, 4.99, 4.84, 4.76, 3.74, 3.43, 3.78, 5.37,
6.51, 6.24, 6.14, 5.49, 4.48, 5.42, 5.83, 5.54, 5.46,
5.6, 5.06, 5.75, 5.86, 4.53, 4.44, 4.45, 4.4, 5.08, 6.29,
6.4, 7.39, 8.45, 8.81, 6.99, 8.76, 10.27, 10., 7.25,
9.5, 10.55, 9.74, 9.6, 9.78, 8.79, 7.91, 9.89, 10.26,
7.78, 8.38, 9.34, 7.57, 7.81, 9.43, 9.38, 11.18, 13.34,
14.17, 18.38, 25.83, 22.69, 16.8, 8.8, 7.53, 10.99, 9.73,
14.48, 18.39, 11.82, 13.12, 12.97, 11.26, 9.52, 10.7,
12.49, 14.15, 18.73, 16.05, 15.76, 16.5, 18.35, 22.62,
25.6, 27.63, 27., 37.24, 45.89, 47.22, 42.87, 57.45,
59.98, 61.74, 71.2, 67.34, 78.95, 88.84, 96.19, 87.37,
98.11, 105.2, 93.45, 96.56, 106.45, 121.8, 99.71, 76.24,
100.91, 108.48, 95.32, 105.36, 117.03, 139.6, 124.15,
151.36, 173.92, 179.51, 216.47, 273.32, 260.21, 296.46,
352.07, 337.7, 428.46, 447.81, 486.17, 479.04, 629.32,
781.72, 979.56, 1265.46, 1441.86, 1346.67, 1156.02<
Your  annual  return  equals  this  total  wealth/value  divided  by the  value of  the index  at  the start  of  the
year.
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In[6]:= annualReturns = MapThread@H#1 ê #2 - 1L * 100 &,
8returns, Drop@stockDataPAll, 2T, -1D<DH*equals current
index plus dividends received divided by last years index*L
Out[6]= 816.2162, 11.9342, -2.34834, 3.86266, 4.84581, -16.1435,
-3.38028, 16.3077, 50., 27.3973, 0.807754, 3.71622,
-5.50775, -13.5135, 27.8302, 12.1154, -0.716846,
2.82486, 6.87023, -5.94796, 18.8017, 6.35209, -19.2513,
2.77778, 4.70588, 3.0445, 20.3791, 28.8934, 5.26316,
21.1475, 19.5191, 8.49754, -17.3759, 31.1377, 21.8268,
1.31712, -24.1632, 38.6861, 16.4459, -3.37302, 3.55987,
7.23684, -5.48387, -5.49582, 32.2193, 9.96785, -18.7043,
16.2275, 18.9809, -14.2695, 9.84529, 29.1781, 5.39326,
26.6138, 26.087, 12.0158, 37.1642, 47.3474, -8.72888,
-22.6163, -44.9312, -9.27711, 55.0071, -7.68501, 56.3715,
33.6483, -32.8027, 16.0035, 3.76, -8.45528, -9.76303,
19.8208, 23.7859, 19.4093, 38.8436, -10.9323, 3.61604,
11.261, 19.4661, 34.0047, 20.6978, 14.2208, 3.13216,
46.2687, 28.9045, 6.95357, -5.63504, 39.713, 7.83891,
6.39324, 19.223, -2.50471, 21.3495, 16.2067, 11.693,
-6.37591, 16.1753, 10.6902, -8.41827, 6.92061, 13.8624,
17.909, -15.7997, -20.6742, 39.0711, 11.9967, -8.1784,
16.7424, 17.3704, 25.9132, -6.63308, 29.0587, 20.5517,
7.88509, 26.1407, 31.2839, -1.62565, 18.3568, 23.3559,
-0.667706, 31.6313, 7.62594, 11.7042, 1.2791, 35.2649,
27.2289, 27.8432, 31.359, 15.4624, -5.53595, -13.1419<
This  exercise  is  intended  to  be illustrative  rather  than  exact.  The  interest  rate  Shiller  quotes  is  the “6
month  prime  commercial  paper  rate.”  This  may  be  a  tad  high  to  be  considered  a  risk  free rate  –  for
example I assume the long bond rate would be lower than this – but I’m using this as a proxy for the
risk free rate. The effect of this would be that the calculated market premium is understated somewhat
but it doesn’t effect the objective which is to demonstrate the uncertainty in the market premium. The
risk  free  rate  at  the  start  of  the year  is assumed  to be  fixed  throughout  the  year.  Obviously  access  to
more frequent data can remedy this.
In[7]:= riskFreeProxy =
Drop@stockDataPAll, 5T, -1DH*interest rates, column 5*L
Out[7]= 86.35, 7.81, 8.35, 6.86, 4.96, 5.33, 5.03, 4.9, 4.25, 5.1,
4.79, 5.26, 5.35, 5.65, 4.22, 4.26, 6.11, 5.02, 4.68,
5.41, 5.97, 3.93, 8.52, 3.32, 3.09, 5.76, 3.44, 3.55,
3.36, 4.64, 4.3, 4.72, 5.5, 4.34, 4.17, 5.47, 6.23, 5.32,
3.65, 5.26, 4., 4.35, 5.65, 4.64, 3.65, 3.64, 4.25, 5.98,
5.56, 7.3, 7.44, 4.58, 4.96, 4.34, 3.87, 4.28, 4.26, 4.64,
6.01, 4.15, 2.43, 3.36, 1.46, 1.01, 0.75, 0.75, 0.88,
0.88, 0.56, 0.56, 0.53, 0.63, 0.69, 0.72, 0.75, 0.76,
1.01, 1.35, 1.58, 1.32, 2.12, 2.39, 2.58, 1.8, 1.81, 3.21,
3.86, 2.54, 3.74, 4.28, 2.91, 3.39, 3.5, 4.09, 4.46,
5.44, 5.55, 6.17, 8.05, 9.11, 5.66, 4.62, 7.93, 11.03,
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7.24, 5.7, 5.28, 7.78, 10.88, 11.37, 17.63, 14.6, 9.37,
11.11, 8.35, 7.31, 6.25, 7.63, 9.29, 8.43, 6.92, 3.91,
3.44, 4.35, 6.45, 5.68, 5.78, 5.85, 5.45, 6.84, 4.83<
The market premium is the equity market return minus the risk free proxy.
In[8]:= premium = annualReturns - riskFreeProxy
Out[8]= 89.86622, 4.12416, -10.6983, -2.99734, -0.114185, -21.4735,
-8.41028, 11.4077, 45.75, 22.2973, -3.98225, -1.54378,
-10.8577, -19.1635, 23.6102, 7.85538, -6.82685, -2.19514,
2.19023, -11.358, 12.8317, 2.42209, -27.7713, -0.542222,
1.61588, -2.7155, 16.9391, 25.3434, 1.90316, 16.5075,
15.2191, 3.77754, -22.8759, 26.7977, 17.6568, -4.15288,
-30.3932, 33.3661, 12.7959, -8.63302, -0.440129,
2.88684, -11.1339, -10.1358, 28.5693, 6.32785, -22.9543,
10.2475, 13.4209, -21.5695, 2.40529, 24.5981, 0.433258,
22.2738, 22.217, 7.73581, 32.9042, 42.7074, -14.7389,
-26.7663, -47.3612, -12.6371, 53.5471, -8.69501, 55.6215,
32.8983, -33.6827, 15.1235, 3.2, -9.01528, -10.293,
19.1908, 23.0959, 18.6893, 38.0936, -11.6923, 2.60604,
9.91096, 17.8861, 32.6847, 18.5778, 11.8308, 0.552162,
44.4687, 27.0945, 3.74357, -9.49504, 37.173, 4.09891,
2.11324, 16.313, -5.89471, 17.8495, 12.1167, 7.23299,
-11.8159, 10.6253, 4.52024, -16.4683, -2.18939, 8.20245,
13.289, -23.7297, -31.7042, 31.8311, 6.2967, -13.4584,
8.96238, 6.49037, 14.5432, -24.2631, 14.4587, 11.1817,
-3.22491, 17.7907, 23.9739, -7.87565, 10.7268, 14.0659,
-9.09771, 24.7113, 3.71594, 8.26416, -3.0709, 28.8149,
21.5489, 22.0632, 25.509, 10.0124, -12.376, -17.9719<
Make a histogram from the data:
In[9]:= hist = Histogram@premiumD;






Assuming normality calculate the mean and standard error and the 95% confidence interval:
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In[10]:= 8m = Mean@premiumD, e = StandardErrorOfSampleMean@premiumD<
Out[10]= 85.86152, 1.6305<
In[11]:= ci = MeanCI@premium, ConfidenceLevel Ø .95D
Out[11]= 82.63577, 9.08727<
In  other  words,  based  on  the  available  data,  the  market  risk  premium  is  between  2.6%  and  9.1%  at
95% confidence.  This means  that,  for  example,  if  you were using  the CAPM to calculate  a return  on
equity  for  a  hypothetical  stock  with  b  of  1  and  a  risk  free  rate  of  5%  your  equity  rate  of  return  is
between  7.6%  and  14.1%  with  95%  confidence.  If  the  uncertainty  in  b  is  taken  into  account  the
situation  becomes  more  complex.  If  b  is  normally  distributed  then  the  product  of  the  two  normally
distributed  parameters,  b  and  E@rm D,  is  a  non-normal  distribution.  The  point  is  that  CAPM  produces
such wide ranging  estimates  of  E@re D  to make one  wander if  it is worth the effort.  It does  not matter
how  scientific  looking  a  valuation  formula  may  be  if  the  input  variables  are  unknowable  or  at  best
contain  large errors.  One  is therefore left  to make predictions  based on historical  data  and experience
which at the end of the day is what rule of thumb methods essentially do. The conclusion is therefore
that the application  of the CAPM is no better than rule  of thumb methods and actually may be worse
due to conferring an undeserving degree of certainty among its users.
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